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Atomi repulsion Ud on the Cu site in high Tc uprates is large but, surprisingly, some important
properties are onsistent with moderate ouplings. The time dependent perturbation theory with
slave partiles is therefore formulated in the Ud → ∞ limit for the metalli phase in the physially
relevant regime of the three-band Emery model. The basi theory possesses the loal gauge invari-
ane asymptotially but its onvergene is fast when the average oupation of the Cu-site is small.
The leading orders exhibit the band narrowing and the dynami Cu/O2 harge transfer disorder.
The eetive loal repulsion between partiles on oxygen sites is shown to be moderate in the phys-
ial regime under onsideration. It enhanes the oherent inommensurate SDW orrelations. The
latter ompete with the Cu/O2 harge transfer disorder, in agreement with basi observations in
high Tc uprates.
It has long been maintained
1,2
and reently
reemphasized
3
that one of the most important
unanswered questions in the theory of the high-Tc
superondutivity in uprates onerns the nature of
metalli orrelations whih redue the large Coulomb
interation Ud on the Cu sites. In the present work we
disuss this issue within the widely used large Ud Emery
model
4
whih adds two oxygen sites Ox,y to eah Cu
in the CuO2 unit ell. The large Ud limit is usually
taken perturbatively in the Cu-O hybridization, starting
from the unperturbed state with n
(0)
d = 1. This leads
to the superexhange
5,6 J as the basis of the popular
tJ models6. However, various loal measurements for
doping |x| ≤ 0.2, NQR in partiular, indiate7 that the
average oupation of the Cu site is nd ≈ 1/2. We argue
here that the n
(0)
d = 0 unperturbed ground state is a
good starting point for the large Ud perturbation theory
assoiated with the metalli phase at appreiable |x|,
while the x ≈ 0 Mott-AF phase and the short range AF
order an be approahed from n
(0)
d = 1 (tJ model) side.
Thus we generalize to nite Cu-O hybridization the early
proposal
8
that in the high Tc uprates the d-level with
large Ud falls lose to the nearly free (oxygen) band and
that it an be related to the d10 ↔ d9 disorder eets.
In partiular we show that, in the presene of the Cu-O
hybridization, the d10 ↔ d9 disorder is dynami, while
the eetive interation between the arriers propagating
on oxygens is repulsive and reasonably small.
As usual
4
, the Cu,O site energies are denoted here by
εd, εp and ∆pd = εp − εd > 0 in the hole piture. The
Cu-O and Ox-Oy hoppings are tpd and tpp, the latter
being retained although smaller than tpd. Finally 1 + x
denotes the total number of holes per CuO2 unit ell.
The equal sharing of the hole harge between Cu and
two Os in the metalli phase is harateristi of the free
fermion tpd ≫ ∆pd model1,9. The values nd ≈ 1/2 were
also shown
10,11
to be onsistent with the mean-eld slave
boson (MFSB) ts of the ARPES results, whih suggest
the regime 2t2pd ≤ −∆pdtpp. This motivates us to investi-
gate here the Ud =∞ limit of the nite |x| Emery model
for ∆pd suiently small and tpd > |tpp|.
To this end, we use the Ud = ∞ slave partile
theory
10,12,13,14
. The three-state spae (d8 state omit-
ted) assoiated with the
~R-th Cu site is desribed using
the f †~R and b
†
~R,σ
slave partiles and the physial fermion
c†~R,σ is represented as c
†
~R,σ
→ b†~R,σf~R. The antiommu-
tation rules of the physial fermions c†~R,σ on and among
Cu sites are satised, provided that the f †~R and b
†
~R,σ
slave
partiles are taken, respetively, as fermions and bosons
14
(slave fermion theory; SFT) or vie versa
12
(slave boson
theory; SBT). In both representations the number op-
erators satisfy QR = nfR +
∑
σ nbR,σ = 1. The orre-
sponding number operators obey ndR,σ = nbR,σ, whih
is usually alled
10
the Luttinger sum rule (LSR). The
antiommutations between the Cu and O-sites are sat-
ised in the SBT beause b†~R,σ and p
†
~R0,σ′
orrespond to
indistinguishable fermions. However, in the SFT they
are replaed by ommutations beause this theory deals
with three kinds of distinguishable partiles. Therefore
the SFT has to be antisymmetrized a posteriori.
The eetive repulsion in the Ud = ∞ limit is a ki-
neti, time-lag eet
2,15,16
in the sense that one partile
has to wait for the other one to leave the Cu site in order
to ross it. It is therefore appropriate to use the time-
dependent theory. The onvenient operative hoie is the
time-dependent many-body perturbation theory whih
treats tpd to the innite order of perturbation. In this
theory it is essential
17
to start from the nondegenerate
unperturbed ground state of the tpd = 0 Hamiltonian
H0. The slave partile representation via slave bosons or
slave fermions has to be hosen aordingly and we turn
rst to this question.
The unperturbed slave partile ground state |G0〉 has
itself to be metalli and at tpd = 0 it is the diret produt
2of the states of three kinds of partiles, |Gf0 〉⊗|Gb0〉⊗|Gp0〉.
The only way to ensure translational and loal gauge in-
variane in the unperturbed state is by taking n
(0)
b = 0.
|Gp0〉 is then the usual Hartree-Fok (HF) state of 2n(0)p =
1 + x fermions p
(i)†
~k,σ
in the osine band assoiated with
εp and tpp, whih parametrize H0p. This band is lled
up to the hemial potential µ1+x and is usually folded
artiially in two i = l, l˜ oxygen bands ε
(i)
p~k
in the CuO2
Brillouin zone. Suh a |Gp0〉 is, of ourse, nondegenerate
in both slave partile representations. The n
(0)
f = 1 d
10
state on Cu is denoted by f †~R|0˜〉 , where |0˜〉 is the aux-
iliary vauum on Cu. |Gf0 〉 is a nondegenerate state of
the tpd = 0 slave partile Hamiltonian H0λ only if f~R-
partiles are taken as spinless fermions rather than as
spinless bosons. Only then an |Gf0 〉 be equally simply
expressed in terms of Fourier transforms f †k of the oper-
ators f †R sine it is only then that we have
|Gf0 〉 =
∏
~R
f †~R|0˜〉 =
∏
~k
f †
~k
|0˜〉 , (1)
up to an unimportant phase fator. Here the produt
over
~k overs the whole CuO2 Brillouin zone. In other
words, the Mott state of spinless fermions is equivalent to
the lled (dispersionless) band of those partiles. When
the f †~k are hosen as spinless fermions, |G
b
0〉 is the state
with no b-bosons, i.e. n
(0)
b = 0 or, equivalently, the d
9
states b†~R,σ|0˜〉 are absent in |G0〉. The overall unper-
turbed n
(0)
b = n
(0)
d = 0 translationally and loally gauge
invariant ground state is thus nondegenerate. The prie
of this important ahievement is, however, that the SFT
must be antisymmetrized a posteriori.
Equation (1) represents the key step of the present ap-
proah. One the unperturbed ground state |G0〉 is ex-
pressed in the momentum spae so too should the transla-
tionally and loally gauge invariant slave partile Hamil-
tonian Hλ = H0 − λN +HI , H0 = H0p +H0λ,
H0 =
∑
i,~k,σ
ε
(i)
p~k
p
(i)†
~k,σ
p
(i)
~k,σ
+
∑
~k,σ
(εd + λ)b
†
~k,σ
b~k,σ + λ
∑
~k
f †
~k
f~k
HI =
i√
N
∑
i,σ,~k,~q
t
(i)
pd (
~k)b†~k+~q,σ
f~qp
(i)
~k,σ
+ h.c.
t
(i)
pd (
~k) = tpd
√
2
(
| sin kx
2
| ± | sin ky
2
|
)
. (2)
where N is the number of the CuO2 unit ells. The
ation
17
of HI on the state of Eq. (1) is then simply
dened in the full momentum representation. Provided
only that it is onvergent, the ensuing time-dependent
slave fermion perturbation theory (SFT), in terms of
HI , generates then asymptotially the exat SFT ground
state, whih is translationally, time inversion and
18
lo-
ally gauge invariant. We reall however that suh a
proedure replaes the Cu-O antiommutations by om-
mutations.
This omission is, however, irrelevant in the lowest or-
der of the Dyson perturbation theory
17
. The reason is
that the Cu site is initially empty, while one Cu hole is
required for the antiommutator (and two for Ud inter-
ation). The r = 1 pdp or dpd propagators (partiles
reated and annihilated on O or Cu sites respetively)
orrespond to the lowest order irreduible Dyson p-self-
energy proportional to the onvolution B
(0)
λ ∗F (0)λ of the
bare slave partile propagators. If the hemial poten-
tial of the p-fermions µ(1) is determined subsequently
from the relation n
(1)
d + 2n
(1)
p = 1 + x, keeping in mind
that ultimately nd = nb in the SFT, the pdp and dpd
propagators beome equivalent to those of the tpd hy-
bridized HF theory. The HF result is haraterized by
three i = L, I, U branhes of poles ω
(i)
~k
of the free three-
band
10
model, with large Fermi ars assoiated with the
lowest L-band. The orresponding spetral weights z
(i)
~k
are given in terms of the departure of ω
(i)
~k
, i = L, I, U ,
from the unhybridized εd and ε
(i)
~k
, i = l, l˜. For exam-
ple, the spetral weight of the L-band in the r = 1 pdp
propagator is
z
(L)
~k
=
(ω
(L)
~k
− εd)2(ω(L)~k − ε
(l)
p~k
)(ω
(L)
~k
− ε(l˜)
p~k
)
t2pd(ω
(I)
~k
− ω(L)~k )(ω
(U)
~k
− ω(L)~k )
. (3)
The t−2pd normalization of z
(i)
~k
is hosen so that the hop-
ping from the O-sites to the Cu-site is assoiated with
tpd, i.e. the ~k-dependenes of t
(i)
pd (
~k) are absorbed in z
(i)
~k
.
It is noteworthy that, due to antirossing
10
, the z
(i)
~k
are
regular funtions of
~k. The lowest order SFT generates
the HF propagators irrespetively of the average HF o-
upation n
(1)
d of the Cu-site. On the other hand, it will
be seen below that n
(1)
d ≈ n(1)f only when n(1)d is small
and similarly then Q(1) = n
(1)
f +n
(1)
b ≈ 1. The SFT thus
onverges quikly only when n
(1)
d is small. It is therefore
important to keep in mind that
1 n
(1)
d ≈ 1/2 at |x| small
for tpd ≫ ∆pd and that nite tpp dereases10 it further.
The useful overall rule of thumb is that n
(1)
d < 1/2 as
long as the HF hemial potential µ(1) falls below the
vH singularity at ωvH in the lowest L-band i.e., as long
as x < xvH where
10 xvH ∼ −tpp is the positive doping
required to reah the vH singularity.
The entral quantity for further expansion is the
eetive interation between the p-partiles shown in
Figs. 1a,b. It expresses the fat that two holes an-
not hop simultaneously to the same Cu-site. When
the tpd-antirossing of the d-level and the oxygen band
3Figure 1: Eetive sattering vertex of two pdp propaga-
tors. Triangles denote multipliation by tpd. Internal blue
and green lines are the dispersionless free propagators of the
b- and f-partiles in the state of Eq. (1), respetively, with
appropriate arrows of time.
strongly aets the oupied states in the p-bands, it
is appropriate
18
, as assumed hereafter, to onsider the
proesses in Fig. 1 as the interations between the r =
1 hybridized pdp-propagators normalized aording to
Eq. (3). The triangular verties in Figs. 1 are then to
be assoiated with tpd. The internal arrows of time ex-
pliitly aount for the fat that the bosons an only be
reated and the spinless fermions only annihilated in the
unperturbed ground state in Eq. (1). This denes unam-
biguously the temporal struture of the internal squares
Λa0 and Λ
b
0 in Figs 1a,b. E.g. Λ
b
0 of Fig. 1b is given by
Λb0 =
2εd − ω1 − ω2
Πj(εd − ωj − iη) , (4)
Here ωj denote the external frequenies whih run oun-
terlokwise around Λb0 in Fig. 1b with ω1 in the upper
left orner. The result (4) is independent of λ in Eq. (2).
This illustrates one general satisfatory feature
18
of the
perturbative SFT, namely that it is independent of λ or-
der by order even though the loal gauge invariane is
only asymptotial.
It is important to note, however, that spin is onserved
in the triangular verties of Figs. 1a,b i.e., that in the
SFT two pdp-partiles annot hop simultaneously to the
same Cu site through the assistane of slave partiles,
irrespetive of their spin. Contrary to that, for the origi-
nal Emery Hamiltonian with Ud, it is the Pauli priniple
whih forbids two partiles in the triplet onguration to
our simultaneously on the Cu-site irrespetive of Ud.
The ation of the loal two-partile interation on the
fermions of the same spin vanishes thus identially after
antisymmetrization
19
. This disrepany with the SFT
stems learly from the omission of the Cu-O antiom-
mutations in the SFT and the triplet sattering has to
be removed
18,19
from the SFT in order to make it or-
respond to the original problem. The SFT modied in
this way, i.e., antisymmetrized a posteriori, is named the
MSFT here.
There are, however, proesses, additional to the lowest
r = 1 HF hybridization, for whih this Cu-O antiom-
mutation is irrelevant. This is best seen upon losing
one tpd pdp-hybridized line in eah of Figs. 1a,b. The
eetive interation Λa,b0 is then absorbed in the Dyson
bubble renormalization of the slave partile propagators
B
(1)
λ and F
(1)
λ , whih is insensitive to the omission of
a)
b)
Figure 2: Contributions to irreduible p-self energy of the
r = 4 pdp propagator: (a) in the partile-partile hannel; (b)
in the partile-hole hannel.
the Cu-O antiommutations. In addition, those propa-
gators are loal but eah exhibits temporal disorder
18
,
b ↔ f symmetrially. As easily seen,18 the assoiated
n
(1)
b is small for n
(1)
d small and it follows that Q
(1) ≈ 1.
The onvolution B
(1)
λ ∗ F (1)λ is also loal and denes the
next order (λ-independent) irreduible p-self energy. In
the rst plae, for n
(1)
d small this gives the band nar-
rowing t2pd → t2pd(1 − n(1)d /2) in the r = 2 pdp and
dpd propagations (half of that obtained in the MFSB
approahes
10,13
). In addition the b- and f -disorders on-
volute (ausally) in frequeny. This introdues the imagi-
nary ontinuum in the r = 2 pdp and dpd propagations,18
whih is ausal in time but inoherent in spae. In other
words, this ontinuum arises from the spatially inoher-
ent, loal, dynami d10 ↔ d9 harge-transfer utua-
tions. The leading disorder ontribution falls in the range
2ω
(L)
π,π − εd < ω < 2µ(1) − εd, well below the Fermi level.
The learly distinguishable signature of large Ud in the
time-dependent perturbation theory is thus the loal dy-
nami d10 ↔ d9 harge-transfer disorder. This an be
generalized
18
to r = 3 and further to all proesses in
whih the interations of Figs. 1a,b an be absorbed in
the bubble renormalizations of the slave partile propaga-
tors, namely to the non rossing approximation
20
(NCA).
The broad d10 ↔ d9 ontinuum is expeted then to
spread
20
all over the spetrum. It is interesting to note
that a similar broad ontinuum is obtained in the large
Ud loal
21
dynami mean-eld theory (DMFT).
In ontrast, the examples of lowest order, irreduible
p-self energy terms in whih the eetive interations of
Fig. 1 annot be dissolved in the bubble renormaliza-
tions of the slave partiles are shown in Fig. 2. With
other f ↔ b symmetri terms they dene the r = 4 pdp
and dpd propagators. The SFT and MSFT start to dier
at this level, i.e. the MSFT requires the omission
18,19
of
the ontributions whih involve two b-propagators of the
same spin within the Λa,b0 squares. In Figs. 2 this selets
out the eet of the singlet pdp-pdp partile-partile and
partile-hole orrelations on the single partile propaga-
tion. Those orrelations are best identied on remov-
ing the upper reeding r = 1 pdp-line (together with
its verties) from Figs. 2. What remains are the ele-
mentary pdp partile-partile and partile-hole bubbles,
4whih are then subjeted to further renormalizations by
t4pdΛ
a,b
0 . The MSFT, amounts thus to the summation
of a subseries of the loally gauge invariant SFT series,
and therefore, is not manifestly loally gauge invariant.
However, if the perturbation proedure for the B(r) and
F (r) propagators is arried out b → f symmetrially18
the MSFT is at least a onserving
25
approximation,
Q(r) = n
(r)
b + n
(r)
f ≈ 1.
The SFT tends to the full and the MSFT at least to
the average
25
loal gauge invariane in the weak oupling
manner, provided that t4pd(Λ
a
0 + Λ
b
0) an be treated as
an eetive interation, small with respet to tpd when
the external frequenies ωj in Eq. (4) fall lose to the
HF Fermi level µ(1). Importantly, n
(1)
d small makes the
eetive repulsion t4pdΛ0 small itself. The reason is that
tpd < εd − µ(1) for µ(1) < ωvH (εd − ωvH is linear in
tpd for small
1 ∆pd and arbitrary
10 tpp). Aording to
Eq. (4), the important values of t4pdΛ
a,b
0 are then less than
tpd and, onsistently, the internal renormalizations of the
slave partile propagators within Λa,b0 an be negleted.
t4pd(Λ
a
0 + Λ
b
0) is then the eetive interation between
the r = 1 pdp propagators. Suh a distribution of
the roles of the propagators and the interations on-
trasts with the small Ud theory, where the interation
Ud involves the dpd propagators, or with the ansatz
Ud → Jpd(cos kx + cos ky) that is often used22 in the
approah from the MFSB side. The r = 1 pdp propa-
gators with spetral weights of Eq. (3), ombined with
t4pd(Λ
a
0 + Λ
b
0), resolve thus the long lasting question
22,23
of what replaes Jpd = 4t
4
pd/∆
3
pd in the Ud =∞ metalli
limit.
Further on, the elementary pdp bubble has the same
nonloal nesting properties(in the denominator)as the el-
ementary dpd bubble but diers from it in the form fa-
tor (numerator)
15
. The renormalizations of the elemen-
tary pdp partile-hole bubble in Fig. 2b by t4pdΛ0 are also
nonloal and enhane
15
the oherent SDW orrelations
χSDW . When the elementary pdp partile-hole bubble in
Fig. 2b is replaed by suh a χSDW , a struture is ob-
tained whih justies in many respets the semiempirial
"single loop" approximation used in the alulation
11
of
the magneti pseudogap. In partiular the ouplings of
the intermittently added pdp arrier to χSDW are thus
identied here as t4pdΛ0.
It an be nally noted that the above hoie of the r =
1 pdp propagators in Fig. 2 is not unique, i.e. that r ≤ 3
or even the NCA pdp propagators an also be hosen as
outsets of the renormalization algorithms aording to
the value of x under onsideration. The NCA emphasizes
the d10 ↔ d9 harge-transfer disorder eets while the
hoies r = 1, 2 favor the oherent SDW orrelations.
In onlusion, t4pd(Λ
a
0+Λ
b
0) turns out to be the elemen-
tary eetive loal singlet repulsion of two pdp-partiles.
It is the small ∆pd, n
(0)
d = 0 ounterpart of the n
(0)
d = 1
superexhange
5,6 Jpd = 4t
4
pd/∆
3
pd obtained for large ∆pd.
The present perturbation theory is exible enough
15,18
to
deal with the ompetition between the d10 ↔ d9 disorder
and the oherene assoiated with the inommensurate
15
SDW in simple approximations
1,2,9,24
. Thus the question
left open here, whether or not the omission of the triplet
sattering exhausts the a posteriori antisymmetrization
of the SFT, i.e. whether the asymptoti behavior of the
MSFT is exatly or approximately loally gauge invari-
ant, beomes of little pratial importane.
Aknowledgments
Invaluable disussions with J. Friedel, L. P. Gor'kov,
I. Kup£i¢, D. K. Sunko and E. Tuti² are gratefully a-
knowledged.
∗
Eletroni address: sbarisiphy.hr
1
J. Friedel, J. Phys. Cond. Matt. 1, 7757, (1989).
2
J. Friedel and M. Kohmoto, Eur. Phys. J. B 30, 427 (2002).
3
P. W. Anderson, Nature Physis 2, 626 (2006).
4
V. J. Emery, Phys. Rev. Lett. 58, 2794 (1987).
5
W. Geertsma, Physia B 164, 241 (1990); Ph.D. Thesis
(University of Groningen, 1979).
6
F. C. Zhang and T. M. Rie, Phys. Rev. B 37, 3759 (1987).
7
I. Kup£i¢, S. Bari²i¢ and E. Tuti², Phys. Rev. B 57, 8590
(1998).
8
L.P. Gor'kov and A. V. Sokol, JETP Lett. 46, 420 (1987).
9
S. Bari²i¢ and Batisti¢, Pysia Sripta. T27, 78 (1989).
10
I. Mrkonji¢ and S. Bari²i¢, Eur. Phys. J. B 34, 69 (2003);
34, 441 (2003).
11
D. K. Sunko and S. Bari²i¢, Phys. Rev. B 75, 060506(R)
(2007).
12
S. E. Barnes, J. Phys. F 6, 1375 (1976).
13
G. Kotliar et al, Physia C 153-155, 538 (1988).
14
Y. M. Li, D. N. Sheng, Z. B. Su and L. Yu, Phys. Rev. B
45, 5428 (1992).
15
S. Bari²i¢ and O. S. Bari²i¢, Proeedings of ECRYS 2008,
Physia B, (2008) in press.
16
J. Kanamori, Prog. Theor. Phys. 30, 275 (1963).
17
A. Abrikosov, L.P. Gor'kov, and I.E. Dzyaloshinskii, Meth-
ods of Quantum Field Theory (Dover Publ., In., New
York, 1963).
18
S. Bari²i¢ and O. S. Bari²i¢, unpublished.
19
A. Messiah, Quantum Mehanis II, h. XIV (North-
Holland Publ. Co. 1967).
20
H. Nik²i¢, E. Tuti² and S. Bari²i¢, Physia C 241, 247
(1995).
21
M. B. Zöl, Th. Maier, Th. Pruhke, and J. Keller, Eur.
Phys. B 13, 47 (2000).
22
Q. Si, Y. Zha, K. Levin, and J. P. Lu, Phys. Rev. B 47,
9055 (1993).
23
P. W. Anderson, Adv. Phys. 46, 3 (1997).
24
I. E. Dzyaloshinshii et al, ZhETF 94, 344 (1988).
25
J. Kroha and P. Wöle, ond-mat/0410273 (unpublished).
